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Amboranma. PaccmarpuBaerca 3apada  IPYHIIOBOTO  aHAAM32 110 HAXOMKACHUIO
AVICKPETHOTO TOYEYHOIO IPEOOPAa3OBAHUA, IIEPEBOAAIIEIO aBTOHOMHYIO CHCTEMY ABYX
OAY BTOpOro mopsiAka B CHCTEMY TOTO K€ KAACCa, YTO U HCXOAHadA. AOKa3bIBACTCH
TeopemMa 00 OTCYTCTBHU AUCKPETHBIX TOYEYHBIX I'PYIII IIPEOOPA3OBAHUE OOIIETO BHAA
y HETPHUBHAABHOI aBTOHOMHON cucteMbl ABYX OAY Broporo mopsiaka um Teopema o
BUAE AHCKPETHOH TOYEYHOMH IPYIIIBI IIPEOOpasoBaHmi dacTHOro BuAa. IIpmBoamTcs
OPUMEP IIOCTPOEHUA TOYEYHOM AUCKPETHOM  I'PYIIIIBI npeo6pa3OBaHHﬁ AAS
KOHKPETHOH aBTOHOMHOI cucteMsl AByXx OAY Broporo mopsaka.

KaroueBnre caoBa: cucrema AndepeHINaAbPHBIX YPaBHEHUIN, CHUMMETPUU CHCTEM
AUMDPEPEHITNAABHBIX YPABHEHHH, AWCKPETHAA TOYEYHAA IPYIIa IIPEOOPa3OBAHMIM,
AVICKPETHO-TPYIIITIOBON AHAAHS3

PaccmaTtpuBaercs aBTOHOMHAs cucTeMa JBYX OOBIKHOBEHHBIX JU((epeHIINaIbHbIX
YPaBHEHHUI BTOPOTO MOPsIKa C IPaBbIMU YaCTAMM, HE 3aBUCALIMMH OT IIPOU3BOJHBIX

{y”= F(y,z,a),

2" =G(y,z,a), @)

rme @ €R" — BexkTOp CylIecTBEHHEIX MapameTpoB [1], T.e. paccMaTpHBAeTCs CHUCTEMA,
IIPUBE/ICHHAs K KAHOHUYECKOMY BULY [2].

HaunGonee oOmuM TOYEYHBIM TMPEeOOpa3OBaHUEM, COXPAHSIONIAM aBTOHOMHOCTH
cucremsl (1), siBnsiercs npeoOpa3oBaHue

y = f(uv),
z=9(u,v), )
X=c-t+h(u,v),
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roe h, #0,h, #0, c=0.

YcnoBueM oOpatuMocTH mpeoOpa3oBaHus (2) SBISETCS OTIIMYUE OT HYIS SKoOMaHa
ATOTO MPe0OpPa3OBaHMUS, T.C.

0o f, f,
9, 9,/#0. 3
h, h

CraButrcs 3asaya 10 HAXOXKJIECHUIO JHUCKPETHOIO TOYEUHOro IpeoOpazoBaHus (2),
KoTtopoe mepeBoauT cucremy (1) B cucremy Ttoro ke kmacca cucreM OJ[Y, yrto m
UCXOJHOE, T.€. B CUCTEMY BHU/1a

ti=F(u,v,b),

4
V =G(u,v,b). )

3ameuanue 1. YcnoBue C#0 sBiseTCS NPUHIMIHUAIBHBIM, T.K. B MPOTHBHOM
ciydae He BbInoiHseTcs (3) u nmpeoOpa3oBaHue (2) CTAHOBUTCS HE OOPATUMBIM.

3ameuanue 2. Eciu B nmpeoOpazoBanuu (2) cumrare, uro h(u,v)=h — koncranTa, T0
nojydyaeM TpoCTellee TOYeUHOE TpeoO0pa3oBaHUe, COXPaHSIONIEe aBTOHOMHOCTh
cuctemsl (1),

y = f(u,v),
z=g(u,v), ®)
Xx=c-t+h.

Teopema 1. HerpuBuanbHas aBTOHOMHas cuctema (1) He JomycKaeT HHMKaKou
JUCKPETHON TOYEUHOM rpynmsl mpeodpazoBanus (2).

Hokaszamenvcmso. Bocnonszyemcst MeronoM oT npotuBHoro. Ilycts cucrema (1)
JOTYCKaeT MUCKPETHOE TodeuHoe MpeoOpa3oBanue (2). BoimomHuB moactaHoBky (2) B
cucremy (1), momyunm guddepeHIMaTbHbIE BBIPAKEHUS, 3aBUCALIME OT HOBBIX
NEepeMEHHbIX M HX MPOM3BOJHBIX ITEPBOrO M BTOPOro mopsakoB U,V,U,V,U,V u ot
¢Gyukuuit f, § 1 h ¥ UX YacTHBIX MPOM3BOMHBIX MO t, U M V 10 BTOPOro MOpsaKa
BKJIFOUUTEJIBHO (TaK KaK pacCMaTpHUBAIOTCS TOUCUHBIC peoOpa3zoBanus U GpyHkimu f, g u
h #e 3aBucAT oT mpousBoanHbIX U,V,U,V).

3amena U,V Ha (4) B MOJNYYMBIIUXCS BBIPOKEHHSX NPUBOIUT K OIPEIEIISIONICH
cucTeMe oTHocuTenbHO GyHkuumil f, g u h , comepxammux nepemenusie U,V, OT KOTOPBIX
¢ynkmu f, g u h He 3aBHCAT.

Paciiennisis mo He3aBUCHUMBIM TEPEMEHHBIM OIPENEISIONIYI0 CHUCTEMY, MOJIYYHUM
NEpPEONpEIEIEHHYI0 cucTeMy U3 20 ypaBHEHUN
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G(u,v,b)[f,h, - f,h,]-3ch,F(f(u,v),g(u,v),a)=0,
F(u,v,b)[f,h, — f,h, ]+ 3c?h,F(f(u,v),g(u,v),a)=0,
f,G(u,v,b) + f,F(u,v,b) - c?*F(f(u,v),g(u,v),a)=0,
G(u,v,b)[g,h, —g,h,]-3c*h,G(f(u,v),g(u,v),a)=0,
F(u,v,b)[g,h, —g,h, ]+ 3c?h,G(f(u,v),g(u,v),a)=0,
9,G(u,v,b) + g,F(u,v,b) - c*G(f (u,v),g(u,v),a) =0,

f,, —3hZF(f(u,v),g(u,v),a) =0,
f,, —3n2F(f(u,v),g(u,v),a)=0,
f, —3h,h,F(f(u,v),g(u,v),a)=0,

) ~ (6)
9. —3h;G(f(u,v),g(u,v),a)=0,
9w —30/G(f (u,v),g(u,v),a) =0,
g, —3h,h,G(f(u,v),g(u,v),a)=0,
f,h, — f,h, —h F(f(u,v),g(u,v),a)=0,
f,h, —f.h, —h’F(f(uv),g(u,v),a)=0,
g,.h, —g,h, —h3G(f(u,v),g(u,v),a)=0,
gwh, = g,h, =N/G(f(u,v),g(u,v),a)=0,
2f,h, +f, h,—2fh, —f,h,—3hh>F(f(u,v),g(u,v),a)=0,
2f,h, + f, h, —2fh, —fh, —3hh>F(f(u,v),g(u,v),a)=0,
29,0, + 9,0, —29,h,, - g,h,, —30,h/G(f(u,v), g(u,v),a) =0,
2g,,h, +9,,h, —2g,h, —g,h,, —3hh’G(f(u,v),g(u,v),a)=0.
W3 nepBbIX ABYX ypaBHEHHI crcTeMbl (6) Beipazum F (U, V, t_)) u G(u,V,E).
G(Uv.b) = 3ch, F(f (u,v), g(u,v),a‘),
f,h, = f,h,
_ 3c?h, F(f(u,v),g(u,v),a) ")
F(uv,b)=- E :
f,h, — f,h,

rne f,h, — f,h, #0, Tak KaK B IPOTHBHOM CiTy4ae M3 NEPBHIX JBYX YPAaBHEHHH CHCTEMBI

(6) momyuum h, =0 wmh,=0, 4Yr0o TPOTHBOPEUHT YCIOBUSM HCIOJIB30BAHUS
npeobpazoBanus (2).
[ToncraBum (7) B TpeThe ypaBHEHUE CUCTEMBI (6)
¢ 3¢’h,F(f(u,v),g(u,v),a) : 3ch, F(f(u,v),g(u,v),a)
! f,h, = f,h, ’ f,h, — f,h,

—¢*F(f(u,v),g(u,v),a)=0

ITocne ynpouieHus, Moixy4yuM ypaBHEHUE
2¢*F(f(u,v),g(u,v),a) =0,
W3 KOTOPOTO cliefyeT, uTo Wik C = (0, 9To Hapymuio Obl 0OPaTUMOCTh TIPEOOPa30OBaAHUS
(2), wm F(f(u,v),g(u,v),a)=0, To ecTh MPUXOANM K TPHUBUAILHOMY CIIy4at0, KOTOPHIHA
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CBOJUTCA K OJHOMY OOBIKHOBEHHOMY Ju(depeHuanibHOMy YpaBHEHHIO BTOPOTO
HopsIIKA.

AHaJOrMYHO U3 YETBEPTOro, MSATOrO M LMIECTOr0 YpaBHEHHM cUCTeMbI (6) Moaydyaem,
gyro G(f(u,v),g(u,v),a)=0.

Takum o0Opa3oMm, MNpUIUIM K [POTUBOPEUHIO, COCTOSIIEMY B TOM, UTO
npeoOpa3zoBanue (2) 10MycKaeTcs TOJIbKO TPUBUATIBLHOM CUCTEMOM, TO ecTh cuctemoit (1) ¢
MIPaBbIMU YACTSAMU, TOKJAESCTBEHHO PAaBHBIMH HYIIIO.

Teopema oka3aHa.

Jlanmee pacCMOTpHMM 4YaCTHBIM ciy4aii mpeoOpasoBanus (2), xorma h(uv) = h —
KOHCTaHTa, TO €CTh peobpa3zoBanue Buaa (5).

Teopema 2. ABToHOMHas cucteMa (1) nomyckaeT NUCKPETHYIO TOYEUYHYIO IpyIILy,
onpenenseMyro Inpeodpa3oBaHueM (5), e€cid M TOJNBKO €ClIM COBMECTHAa CHUCTEMa
anreOpanyecKux ypaBHEHHUI (OTHOCHTEIIBLHO U U V)

{QFOLwﬁ)+%GOLw5)—&F(Hmv)gwﬁ&é):Q -

¢,F(u,v,b) +c,G(u,v,b) —c’G(f (u,v),g(u,v),a) =0,
rae C;,C,,C;,C,,Cs,Cs,C — HEKOTOpBIE MocTosiHHEIe, C#0, C,C, —C,C, # 0, mpu 3TOM
f(u,v)=cu+c,v+c,,

9)

g(u,v) =c,u+C.V+cC,.

Hokasamenvcmso. Ilyctb cucrema (1) gomyckaer quckpeTHoe rnpeodpasobanue (5).
BeimonnuB  mojacraHoBky (5) B cucremy (1), MONMydMM CHUCTEMY OIPEIEIISIONIUX
YpaBHEHMIA, paclIeNMB KOTOPYIO TI0 HE3aBUCHUMBIM NepeMeHHbIM U,V  MoIyduM
TepeoTpeIeICHHYI0 cucTeMy. Tak Kak mpeoOpa3oBaHue (5) SBISICTCS YACTHBIM CIydaeM
npeoOpazoBanus (2) npu yciosuu, yro h(u,v) = h — xoncranra, Toectb h, =0 wuh, =0,
TO TEepeoIpe/ieIeHHYI0 CHCTeMy sl IpeoOpa3oBaHus (5) MOXKHO TMOJIYYUTh U3
HepeonpeieneHHoi cucteMsl (6) mpeodpaszosanus (2), monoxus B Helt h, =0 wuh, =0.

f, =0,
f., =0,
f, =0,
Ju =0,
9, =0,
dy =0,

(10)
f,G(u,v,b) + f,F(u,v,b) - c*F(f(u,v),g(u,v),a) =0,
9,G(u,v,b) +g,F(u,v,b) - c’G(f (u,v),g(u,v),a) =0,
W3 nepBrIx mectu ypaBHeHUH cucteMsl (10) Haxonum ctpyktypy f(u,v) u g(u,v):
f(u,v)=cu+c,v+c,,
g(u,v) =c,u+c.v+c,.
[ToncraBuB KX B MocieHue ABa ypaBHeHUs cuctemsl (10), momyunm:
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¢,F(u,v,b) +¢c,G(u,v,b) —c’F(f(u,v),g(u,v),a) =0,
¢, F(u,v,b) +¢c,G(u,v,b) —c®G(f (u,v),g(u,v),a) =0,
rae C,,C,,C;C,,CsCs,C — HekoTopble mocrosiHHble, C#0,  ¢Cy—C,C, #0— ycroBus

obparumocTu peodpazoBaHus (5).
Teopema joka3aHa.

N3 Teopem 1 u 2 BbITEKAET CIIEIYIOIIEE CICICTBUE.

CnenctBue. /[lns aBToHOMHOM cuctembl (1), ¢ mpaBpIMM 4YacTIMH, HE
YIOBIICTBOPSIOMUMH (PYHKIIMOHATBHOMY YpaBHEHHUIO (8), HETPUBHAJIBHBIC JIUCKPETHBIC
CUMMETPUHU MOTYT OBITh TOJBKO JMHAMUYECKUMHU, TO €CTh 3aBUCSIIUMHU OT MTPOU3BOIHBIX.

ITpumep. Paccmorpum aBTOHOMHYIO cucremy (1), ¢ @paBeIMH  YacTIMH,
SBJISIOIIMMUCS TIOJMHOMaMU MEPBOM CTETNIEHU OTHOCUTENBHO Y, Z (JIMHEHHas cucTeMa JAByX
YpaBHEHUN):

y' =k y+k,z+k,,
2" =k,y+ksz +kg.

B o6mem Buge cuctema (11) mmeeT miecTuMepHOE MPOCTPAHCTBO MApPaMETPOB.
Haiing menpepbIlBHYIO TPYIIy SKBUBAJEHTHOCTH [2], JaHHYIO CHUCTEMY MOXHO CBECTH K
CUCTEME C  OJHOMEpPHBIM  MPOCTPAHCTBOM  MapaMeTpoB,  Hampumep  (mocie
nepeoO03HaueHuil), K CIeyIOIIEMY BUAY

y/r — alz’

" (12)
2"=y+1,

rie napameTrp @, SBISETCS CYILECTBEHHBIM, TO €CTh IIpeAcTaBieHue cucremsl (12)

ABIIsieTC KaHOHMYeckuM [2]. Mcmonb3ys Teopemy 2 HalJeM AMCKPETHYIO TOYEUHYIO
rpynny npeobdpazoBanuii (5), cucrems! (12), B kotropom f(u,v) u g(u,v) ompenenstorcs

cooTHoIeHueM (9), To ecTb npeodpazoBaHue
Y =CU+CV+Cy,
Z=C,U+CV+Cq, (13)
X=c-t+h.

rue C,,C,,C3,C,,C5,C4,C,N — HexoTOpbIe mocTosiHuEe, (C#0, c,cy—c,C, #0).

J171st 5TOTO BBIMTUIIIEM TIpaBble YacTU CUCTEMBI (12)
F(y,z,a) =a,z,

— (14)
G(y,z,a)=y+z.
[ToncraBum (5), ¢ yuerom f (u,v) u g(u,v) u3 (9) B (14)
F(f(u,v),g(u,v),a)=ac,u+acyV+ac, (15)

G(f(u,v),g(u,v),a)=(c,+c,)u+(c, +C;)V+cC;+Cq,
Y BBINUIIEM MpaBble yacTu cuctemsbl (12) B KOTOpble OHU MEpelayT Moj AeHcCTBUEM
npeobpaszoBanus (13)

F(u,v,b)=hy,

G(u,v,b)=u+v. (10)
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IToacrasmss (14), (15) u (16) B aABa ypaBHEHUsI CUCTEMBI (§) MOJYYUM CHCTEMY, U3
KOTOPOH KOHKPETHU3UPYIOTCS Kod(h¢uimenTsl npeodpasoBanus (13) mpu yciaoBuu, 4TO
JTAHHAsI CHCTEMa TOXKICCTBEHHO BBIMIOJIHATHLCS MPH JTFOOBIX U U V.

chbv+c,(u+v)-c’ac,u—c’acy—c’ac, =0,
c,bv +c (u+v)—c?(c, +c,)u—c’(c, + ¢ )v—c’(c, +¢,) =0,
(17)
Tak kak K0d(pPHUIMEHTH MpeoOpa3oBaHUS HE 3aBUCAT OT U M V, TO PaCIICIUISS
cucremy (17) mo He3aBUCUMBIM MEPEMEHHBIM U ¥ V IOJTYYHM CHCTEMY Ha KO3((DUIIUCHTHI

npeobpaszosanus (13) ¢,,c,,C;,C,,C;,Cs,C ¥ apamMeTp a; UCXOAHOH cuctemsl (12)

ch +c, —c’ac, =0,
¢, -c’ac, =0,
c’ac, =0, 18)
c,b +c,—c*(c, +¢,) =0,
¢, —c*(c,+¢,) =0,
c’(c, +¢,) =0.
N3 cuctremsi (18) monyqaem

c,=0,¢c,=0,
¢, =c’a,c,,
¢, =c’(c, +¢,), (19)
2 _ C, +C, _alcj
~c2+cc, —a,c?’
IpU 5TOM KO3 PHUIUEHTHI IpeoOpa3oBaHus (13) TOKHBI YAOBIETBOPATH COOTHOIICHHSIM

c

c’ca, —C,  C°(C, +C45) — G
c, c, ’ (20)
c,c; —C,c, #0
[TapameTpsl cCTeMBI IPU ATOM NpeodpasyroTes o hopmyie

bl — C231(02 (Cl + C4) — C4) ’
Cl
TO €CTh B pe3yJdbTaTe OKa3bIBaeTcs, u4To cucrema (12) momyckaeT OECKOHEUHYIO
JTUCKPETHYI0 TIpynny c oOpasytomeid (21), mpu 3ToM KO3(POHUIMEHTH ITUCKPETHOTO
To4YeuHOoro npeodpazoBanus (13) MOKHBI yIOBIETBOPATH yeiaoBusaM (19) u (20).

Tak ke MOJTy4eHHBIH pe3yabTaT MOKHO UCIOJIB30BAaTh B 0OPaTHOM MOPSAJIKE, TO €CTh
BBIOpaB yAOOHYIO JuIsi wWccienoBaHus Mozaenb (16) (to ecth  KodhPHUITMEHTHI
npeoOpa3oBaHHONW CHCTEMBI), YTOUYHUTH KOX(pHUIMEHTH mnpeodpazoBanus (13) npu
nomoutu (21).

(21)

11
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Takum o00pazoMm, MOSBWIACH BO3MOXKHOCTh NPOTHO3MPOBATH IpeoOpa3zoBaHue,
HO3BOJISIOIIEE IEPEBOIUTh UCXOAHYIO CUCTEMY B CUCTEMY C KOHKPETHBIMU CBOMCTBaMH U
YI0OHYIO [UId JAJIbHEUIIETO UCCIIEA0BaHUS.

Cnucok Jureparypbl

1. 3aitnes, B.®., ®nerontos, A.B. JIuCKpeTHO-TpyIIIOBBIE METOABI WHTETPUPOBAHMS
OOBIKHOBEHHBIX Ju(depeHnnanbubix ypapaenuit. JI.: M3n-so JIMMAH, 1991.

2. Hozapynos, B.B. AnropuTm noctpoeHus rpyIiibl 3KBUBAJICHTHOCTH IO MapaMeTpaM
JUISL TIPOU3BOJIBHOM CHUCTEMBI ABYX OOBIKHOBEHHBIX AM((epeHnanbHbIX ypaBHEHHH
BTOporo mnopsanka / CoBpeMeHHbIe MNpoOIeMbl (PUIUKO-MATEMATUYECKUX HayK.
Marepuansr |ll MexayHaponHoii Hay4YHO-TIpaKTH4eCKOH KoH(pepeHuun 23-26
HOs10pst 2017 1. / mox o6m. pea. T.H. Mosxkaposoii. Open: OI'Y, 2017.

ABOUT SOME DISCRETE POINT GROUP TRANSFORMATIONS
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Abstract. We consider the problem of group analysis to find a discrete point
transformation that translates an Autonomous system of two odes of the second order
into a system of the same class as the original. We prove a theorem on the absence of
discrete point groups of transformations of a General form in a nontrivial Autonomous
system of two odes of the second order and a theorem on the form of a discrete point
group of transformations of a particular kind. An example of construction of a point
discrete group of transformations for a particular Autonomous system of two odes of
the second order is given.

Keywords: system of differential equalizations, symmetry of the systems of differential
equalizations, discrete point group of transformations, discretely-group analysis.

References

1. Zaitsev V. F., Flegontov A.V. Diskretno-gruppovy'e metody" integrirovaniia
oby'knovenny'kh differentcial ' ny’kh uravnenii® [Discrete-group methods of
integration of ordinary differential equations]. L.: Publishing house LIYAN, 1991.

2. Nozdrunov, V. V. Algoritm postroeniia gruppy" e kvivalentnosti po parametram dlia
proizvol noi” sistemy” dvukh oby knovenny kh differentcial ny kh uravnenii® vtorogo
poriadka [Algorithm of equivalence group construction by parameters for an arbitrary
system of two ordinary differential equations of the second order] / Modern problems
of physical and mathematical Sciences. Proceedings of the Il International scientific-
practical conference 23-26 November 2017, under the General editorship of T. N.
Nazarovoj. - Eagle: OGU, 2017.

12



