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[Toctpoena 0OOOIIEHHAA MHOIOMEPHAA AMHAMUYECKAA MOAEAB C YIETOM PAa3AMYHBIX THIIOB
B3aMMOACHCTBUI (PA3OBBIX IIepeMEHHBIX. [IpEAAOKEHBI YCAOBHA YCTOMYMBOCTH HAa OCHOBE
IIPUHITAIIA PEAYKIIUN 3aAaYH 00 YCTOMYHBOCTH pereHni AnddepeHIInaAbHEIX BKAFOUCHIH K
3aAa9e 00 YCTOHYHBOCTH PCIICHHH APYTHX THIIOB YPAaBHCHHH. YKAa3aHHBIN IIPHHITHII
IIPEAITOAAIAET TIEPEXOA OT BEKTOPHBIX OOBIKHOBEHHBIX AU(EDEPEHIIHMAABHBIX YPaBHEHHH K
BEKTOPHOMY  AU(DPEPEHIINAABHOMY  BKAIOYCHHIO U HEU€TKOMY AupdepeHInaABHOMY
YPAaBHEHHUIO, C YYETOM M3MEHEHUSA ITAPAMETPOB TOTO MAH MHOTO THIIA B MCCACAYEMBIX MOACAAX.
AAA TpeXMEPHOI MOAEAH, ABAAFOILECHCS YACTHBIM CAYIAEM MHOTOMEPHOH MOAEAH, IIPOBEACHA
OIIEHKA MOAEABHBIX IIAPaMETPOB M HOCTPOEHHI (ha3oBbie mopTpersl. HafiaeHsl crannmonapHsie
COCTOAAHHMSA, IIPOBEACHBI CEPHH KOMITBFOTEPHBIX 3KCIIEPHMMEHTOB M MCCAEAOBAHA YCTOMYIHUBOCTD
VKa3aHHOH MOAEAM C IIOMOIIBIO HHCTPYMEHTAABHOIO —IIPOTPAMMHOIO  OOECIIEYEHHH,
CUMBOABHBIX BBIUMCACHUI M YUCACHHBIX METOAOB. PaCCMOTpCHHbeI IIOAXOA MOXKET HATHI
HpI/IMCHCHI/IC B 3aAavYaX MCCACAOBaHHA HEAVHEMHBIX MOACAefI C paSAI/IquIMI/I THUIIaMU
B3aHMOACHCTBHA.

KaroueBnle cAOBa: AMHAMHYECKAA  MOAEAb,  IIONYAALIMOHHAA ~ AMHAMHUKA, CHMBOABHBIC
BBIYHCACHUSA, YCTOHYINBOCTD, (PA30OBBIH ITOPTPET, IIPUHIIUIT PEAYKIIIH.

[Tpu nocTpoeHNH TUHAMMYECKHUX MOJEJIEH BBICOKOM Pa3sMEPHOCTH B XOJE aHAJIUTHYECKOIO
HCCIEAOBAHUS MOI'YT BO3HUKAaTh CYIIECTBEHHBIE TPYAHOCTH. KOMIBIOTEpHOE MOIEIMPOBaHUE
IIO3BOJISIET HE TOJIBKO IOJIYYUTh DPE3YIbTaThl YMCICHHBIX JKCIIEPUMEHTOB B paMKax aHaau3a
CTAallMOHAPHBIX COCTOSIHUM, IIOUCKA TPACKTOPHUM PEIICHUIM U OLIEHKU MOJEIBHBIX IapAMETPOB, HO U
BbISIBUTH 3()(PeKThl, 00yClIOBIEHHBIE CTPYKTYpOoH Mojenu. B HacTosiiee Bpemsi akTyaJbHBIMH
SBJLIIOTCA  3a/1a4M IIOCTPOEHUS JUHAMUYECKHX MOJEIEH BBICOKOM pa3MEPHOCTH U BBIABICHHUE
KayecTBEHHBIX 3((EKTOB B pe3yibTaTe aHAIMTUYECKOIO M YUCIEHHOTO HCCIEIOBAaHMUS TaKHX
Mozesed. Bompocsl KadyeCcTBEHHOIO HCCIENOBAaHUS PA3JIMYHBIX MOJENEH IOMYJSILIUOHHOW
IMHaMUKUpaccMarpuBanuck B [1-9] u B apyrux pabotax.B [3, 7]npoBeneHo wuccienoBaHue
YCTOMYMBOCTU KJIACCHYECKUX M 00001eHHBIX Mmojeneil Jlotku—BonbpTeppa ¢ momomibio MeToaa
¢bynkuuit Jlsnynosa. B [6] omumcaH cHCTeMHBIH MOAXOJ K HCCIEAOBAaHHIO YCTOMYUBOCTH
MAaTEeMaTUYECKUX MOJEJCH, MO3BOJSAIONIMNA C €IMHOM TOYKHA 3pEHUs pacCcMaTpuBaTh CBOWMCTBA
YCTOMYMBOCTH pemieHudl auddepeHInanbHbIX BKIOYEHUH, HEYETKMX M CTOXAaCTHMYECKHX
g depeHINaTbHBIX YPaBHEHUI.

B Hacrosmiel craTbe NPOBEIECHO KOMIIBIOTEPHOE MOJEIUPOBAHUE TPEXMEPHOU MOJEIU
JUHAMHUKU YHCIIEHHOCTH B3aUMOCBSI3aHHBIX COOOIECTB C Y4YeTOM KOHKYypeHIMH. IlocTpoeHsl
¢dazoBble MOPTpeThl cucTeMbl. Ha OCHOBE MpOBEACHUS CEPUU KOMIBIOTEPHBIX SKCIHEPUMEHTOB
MIPOAHAIIM3UPOBAHA JAVMHAMHUKA TMOMYJISAUMN NPHU Pa3IMYHBIX HA4YaJbHBIX yciaoBusx.Kpome Toro,
IIPOBEJIEHA JINHEApHU3alUsl CUCTEMBl B OKPECTHOCTH CTAallMOHAPHBIX COCTOSHUM U MCCIEIOBaHA
YCTOMYMBOCTh MO TMepBoMy mnpubOmmxkenuto. I[locTpoeHa MHOromepHas MoOJAENb JWHAMUKU
YHUCJICHHOCTH B3aMMOCBS3aHHBIX COOOIIECTB M MOJYYEHbI YCIIOBHS YCTOHYHMBOCTH Ha OCHOBE
MPUHIIMIIA PETYKIUH.

PaccmoTpuM HenMHENHHYI0 MOJIENIb IUHAMHUKH YMCICHHOCTH B3aMMOCBSI3aHHBIX COOOIIECTB,
YUUTHIBAIOUIYIO KOHKYPEHLIHIO KEPTB, OTHCHIBAEMYIO CUCTEMOH OOBIKHOBEHHBIX
middepeHranbHbIX YpaBHEHUH BUA:

X =x(0 —Bx —Kx, —v,x3),
X, =X, (0, =Kk —f,x, —7,x,), (D
X, =x,(—c+dx, +d,x,),

rIe X,, X, — INIOTHOCTb MOITYJISIIIUH JKePTB, X, — INIOTHOCTB TOMYIISIMN XUIIHUKA, O, Oy, B, B,, K,

V(> Ys» d,, d,, ¢ — IOJIOKUTEIBHBIE TAPAMETPEI.
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B pesynbrare perieHus COOTBETCTBYIOIIMX aireOpandecKkux ypaBHeHUH st mozaenu (1)
IMOJIYYCHBI CEMb CTAllMOHAPHBIX COCTOSHUU:

R(0,0,0), P{ 0, 0] P{o,%,OJ,a(—,—,O),a(i,O,M}P{o, - CBZJ
Bl BZ 83 83 dl dlyl d2 d2y2

P ( d,e,+cg, ce,—dg, des+de, —ce, j
2 9 9
de +de, dg +d,g, de, +d,ze,

m
m

rae
2
Ky, =BoY, =€, Ky, =By, =&,, K —BB, =&, Ko, —a,f =g, K0, —of, =€5,a,y, -0y, =€
Haiinens! yciioBus CyliecTBOBaHUS HEOTPULIATEIIBHBIX CTAIIMOHAPHBIX COCTOSIHHM:
0,0, >0,B,>0,0 2B‘ .0 %Py 50,0 SN eso0
o, >0,0,>0,B>0,0<p, < <K< —=,7, > <y, <—==L,¢>0,
o A, ,
P, ¢ cKY, —C
dlz BI’ BZ Sd2s ]CYZ BZYI.
o o, oY, =LY,
JUJ1st 9UCIeHHOTO SKCIIEpUMEHTa OBLIH BHIOpAHBI ClIEAYIOMINE HAaOOPhI MapaMeTpoB: HadalbHbIE
3Havenna  x,(0) =1, x,(0) =2, x;(0) =0.5, 3Hauenua mnapamerpoB o, =3,0a,=2.7,3,=0.9,

B,=08,k=057y =157y,=14c=2d =1.7,d,=12.

Ha puc. 1 mpeacraBiaensl TpaekTopuu peuieHud mozaenu (1) mpu yKa3aHHBIX HaudadbHBIX

3HAYEHUSAX U 3HAYCHUSIX [TapaMeTpoB Ha BpemeHHoM uHTepsaie [0,10].

3
— x1
— x2
R %3
e
o7
=
Mgl
0
0 2 4 & 3 10

Bpema t
Puc. 1. I'paduk TpaekTopuii pemenuit Mmoaenu (1) npu HayaJIbHOM YCIOBUU
X, %y, x,=1,2,05
Kpome Toro, mpoBeneHa mnuHeapusanus cuctembl (1) B OKpECTHOCTHM CTallMOHApPHBIX
COCTOSIHUM M HCCJIEJ0BaHA YCTOMYMBOCTh IO MepBOMY NpuOmmxeHuto. TpexmepHble (azoBble

noprpereiMogend (1) B OKPECTHOCTSX CTALMOHApHBIX COCTOSHUA F  — P, TpencTaBIeHBI
COOTBETCTBEHHO Ha pUC. 2, a) — X).
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X3 X3
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Puc. 2. ®a30Bble OPTPETHI B OKPECTHOCTSIX CTALMOHAPHBIX
cocrosiuuii f — P, monemm (1)

@®a3oBble MOPTPETHI, COOTBETCTBYIOIIME CTALMOHAPHBIM COCTOSIHUAM P, Py, P3, Py,
ABIAIOTCS cenyioM. Touku Ps, Ps— cemno-poKychl, Touka P; — aCHMITOTUYECKH YCTOWYUBBINA Y3I10-
doxyc.

Ha ocHOBaHMM pe3yabTaTOB MCCIENIOBAHHUS MOYKHO 3aKJIIOUUTh, YTO HEOTPULIATEIIbHBIE
CTallMOHApHBIE COCTOSIHMA P,i=1,...,6 1pM 3aJaHHBIX HAYAJBHBIX YCIOBUAX  SBIIAIOTCA

HGYCTOﬁHHBBIMH, a IOJIOKHUTCIBHOC COCTOSAHHWC PAaBHOBCCHUA P7 — ACUMIITOTUYCCKHU YCTOﬁqHBLIM

1o TIepBOMY NpUOIKeHnt0. TakuM 00pa3oM, MoKa3zaHO, YTO YCTOWYMBOCTh MOJETH UMEET MECTO
IIPU HAJIMYUHU BCEX TpeX MOMYJALMI, a OTCYTCTBHE OJTHOTO U3 BUAOB MPUBOJIUT K HEYCTOWYMBOCTH.

Or  TpexMepHoM  MaremaTHueckod  mozenu (1)  BBIMOAHMM  TEpexol K
MOCTPOSCHUIO0O00IIEHHOI MHOTOMEPHON MOJETH BUJA:

X, =x,(o, —Zpy.xj -v.y), i=L...,n,
j=1
,, @)
jlzy(—c+2djxj),
j=1

rae neN, N — MHOXECTBO HaTypalbHbIX yucen. Mojenb (1) sBiseTcsi YaCTHBIM clydaeM MOJIeNn
(2) B mpeamnonoxkeHuu, 4yTo KOA((UIMEHTH MEXBUIOBOM KOHKYPEHIMH B MOMYJSALUAX >KEPTB
coBnagawT ( p,, = p,, =k).Mogenb (2) MoxeT ObITb HCIOIb30BaHA NPH OMNUCAHUU JAUHAMUKU
YHUCJICHHOCTH BHUJIOBOTO COOOIIECTBA, KOTOpoe obecreueHo pasHooOpa3ueM B3auMMOAECHCTBYIOLINX
BUJIOB HIKHETO TPO(GUYECKOTO YPOBHSI.

Mopens (2) npeacTaBuM B BEKTOPHOM hopme:

dx/dt = f(x), (3)
rae x:(xlaxza-"axn)a f(x):(ﬁaf29"'7fn)=(x1(a‘l_pllxl_"'_plq‘xq_YIxn)J"'axq(a‘q_
P Xy = Pyg¥y ~ VX Va(—CHdyx +.+dy x,)),g=n—1,xe R}, R, =[0,0), f:R! >R

, R — n-xpaTHOe IeKapTOBO IPOM3BEICHNE MHOXKECTBA R, Ha ceOsl.

Kosppuumentst o, p;,,7,,d;,, Monenn (3) MOTyT, ¢ y4eTOM SKOJOTHYECKOTO CMBICIIA,

MNpUHHUMATh Pa3INIHbIC 3HAa4YCHUA u3 COOTBCTCTBYIOIIHUX HUHTCPBAJIOB
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[ot, >0y 1 [Pig> PiglilYy> vy, ) [diyod, ). Jns mopmenn  (3) moCTpoMM — KOHEUHOMEPHOE
nudepeHnranTbHOe BKIIOYEHHE CIIEIYIOIEro BU/A:

X € xl(a‘l — P _"’_pquq _Yqu)a SERT) Xq € xq(a‘q _pqlxl _"'_pqqxq _quq)a

: 4
X, € x,(—c+dyx; +...+d,x,)).
[Tepenumem mozens (4) B BEKTOPHOH Gopme:
dx/dt € F(x), )

rae F(x):{f(x)‘aq €d,, p, R,

g2 Vg €Ggrdig € Dy} s Ay i=log, oy 1L By i=[pig, pigls Gy o=

_ e . ph R}
=[Vq Vg, Digi=ld;y.d; 41, F: R, — 27 . Beenennsle MHoXxecTBa A, F

2> Gq» Djy OUPEIICISIOT

MHOXECTBa 3HAYCHNHU COOTBETCTBYIOIIHX IIapaMETPOB Ol,q, piq’ 'Yq, diq .

ITonmBOXEcTBa

{4,], =tog |1y @)z ah (B} =tpy|ur, (P20 (G} = try| g, () 2 0,

(D} =1d,|up, @)= a}

NPEACTAaBISAIOT Cco0OW Ooyiee y3KME MHOXECTBA, KOTOphIe OBUTM TIIOJy4EHBI MIpU y4eTe
nononHuTenbHOro ycnous o €(0,1], Bumsiomero Ha B3aUMOJACHCTBHE KOMIIOHEHT, a
CIIeIOBATENIFHO, X Ha YCTOWYMBOCTH MoJienu (3).

C yuetroM mnoaMHokecTB (6), BEKTOpHOE ypaBHEHHE (3) MOXKHO 3aMEHUTb Ha HEYETKOE
KOHEYHOMepHOe AuddepeHnanbHoe ypaBHEeHNE BHIA:

dX / dt = F(X), (7)

rne F:Z! — P(R}), P(R}) — COBOKYITHOCTh BCEX HEUETKHX ITOJIMHOXKECTB U3 R .

CootBercTBytomee ypaBHeHuto (7) nuddepeHIManbHOEe BKIIOYEHHE HMEET BUI:

d/di < F,(§). e e O.1), F,@)={ /00| oy {4} . py (B}, 1, €{G,}, -y (D, )

Ha ocHoBe npuHIIKIIa CBEACHUS 331a4U 00 yCTOMYUBOCTH AU PepeHIInanbHOrO BKIIOUEHUS
K 3a7adye 00 yCTOWYMBOCTM HEYETKOTro auddepeHImanbHoro ypaBHeHUs U ¢ ydeTtoMm (2)—(5)
MOJIYYEHBI CIIEYIOIINE YCIOBHS YCTOMYMBOCTH U PepeHIInanbHOro BKIYeHHS (5) U HEYeTKOTo

(6)

ypaBHeHus (7): 1) eciu U1 3aMKHyTOro MHOXecTBa M < R} cymectByer QpyHkuus JlsmyHoBa V'
OTHOCHTENBHO JU(PPepeHINaIbHOr0 BKIoUeHusA(S), 1 KOTOpoi BepHO HepaBeHCTBO D,V (x) <0
Vxe B(M,r), rae D:V(x)=sup DV(x) — BepxHssinpon3BoaHast ¢GyHKIUHN JIsmyHOBa, a MHOKECTBO
B(M, r) — r-okpecTHOCTb MHOeCTBa M, TO MHOXECTBO M YyCTOMYHMBO OTHOCHUTEIBHO 3TOTO
BKJIIOUEHMs; 2) eciau BepHO HepaBeHCTBO D, V(x)<-w(e(x,M))VxeB(M,r), rae GyHKIus
w:B(M,r)— R HenpepblBHa M TOJOXWUTEIbHA BHE M, TO MHOXECTBO M acUMITOTHYECKH
YCTOWYMBO OTHOCHUTEIbHO BKJIOYeHMS (5); 3) ecnum uisi 3aMKHYTOIO HEUETKOIO0 MHOXKECTBa
M < P(R}) cymectByer ¢pynkuus JlsmyHoBa V' orHocutenbHO ypaBHeHUS (7), Ui KOTOPOW MpU
ae€(0,1] BepHo HepaBenctBo D,V (x)<0VxeB(M,,r), TO MHOXeCTBOMO-yCTONYUBO
OTHOCHUTEIEHO 3TOTO YpaBHEHUS; 4) eciu BBITOJIHSETCS yCIIOBUE
DV (x)<-w, (e(x,M ) VxeBM,,r), rtae ¢yakuuas w,:(0,7)—> R HempepplBHA H

MOJIOKUTETbHA, TO MHOXKECTBO M (1-aCHMOTOTHYECKH YCTOWYMBO OTHOCUTENBHO ypaBHeHHUs (7).

[Tony4yeHHbIe pe3yabTaThl MOTYT OBITh HCHOJIB30BAHBI ISl TaTbHEUIIIET0 Pa3BUTHS METOJIOB
MIOCTPOCHUS U aHAJINW3a YCTOMYMBOCTH MaTeMaTHUECKUX MOJeNel MOMYJISIMOHHON TWHAMUKHU, B
YaCTHOCTH, B HAIIPABJICHUU PA3BUTHS PE3yNbTaToB [6, 8].
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RESEARCH OF THE STABILITY OF MULTIDIMENSIONAL
MATHEMATICAL MODELS OF POPULATION DYNAMICS

E.D. Tarova | Bunin Yelets State University
katerina.tarova@yandex.ru
Elets

Abstract. The work is devoted to the research of the stability of multidimensional mathematical
models of population dynamics. The problems of synthesis and analysis of multidimensional
models of the dynamics of the number of interconnected communities are considered. A
generalized multidimensional dynamic model is constructed taking into account various types of
interactions of phase variables. Stability conditions are proposed based on the reduction
principle of the problem of the stability of solutions of differential inclusions to the problem of
the stability of solutions of other types of equations. This principle implies a transition from
vector ordinary differential equations to vector differential inclusion and a fuzzy differential
equation, taking into account changes in the parameters of a particular type in the models under
study. For a three-dimensional model, which is a special case of a multidimensional model,
model parameters have been estimated and phase portraits have been constructed. Stationary
states were found, a series of computer experiments were carried out, and the stability of this
model was investigated using tool software, symbolic calculations and numerical methods. The
considered approach may find application in the study of nonlinear models with different types
of interaction.

Keywords: dynamic model, population dynamics, symbolic calculations, stability, phase portrait,
principle of reduction.
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YK O PASPABOTKE CEPBEP-IIPUJIO’KEHUA CUCTEMbI
004.432 | QJJEKTPOHHOU KOMMYHUKALIMU
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cTapliui npenojasaresb | U.A. ByHuHa
timonpm@mail.ru
r. Esern

Annoranma. CoBpemennpie  MHAOPMAITMOHHBIE — TEXHOAOTMH  OTKPBIBAIOT — OOABIIIHE
BO3MOKHOCTH AASl KOMMYHHUKAITIH AFOACH. CpeAr HEX MOKHO BBIACAUTH ACKTPOHHYIO ITOUTY,
9aThl, OAOIHM, COIIMAABHBIE CETH, MECCHAMKEPHI. BasKHBIM 3BEHOM AQHHBIX TEXHOAOTHUIT ABASIOTCA
CepBEP-IIPUAOKEHHUSA, ODECIIEUNBAIOIINE XPaHEHHE, OOpabOTKy AAHHBIX U B3aUMOACHCTBHE
ITIOAB30BaTeACH. B craThe paccMaTpUBArOTCA IIPHHIUIBL PaspabOTKH TAKAX IIPHAOKCHHM.
PaccmarpuBacMoe IIPHAOKCHHE MOMKET IPUMCHATHCH AAA PEAAN3AINN CHCTEM 3ACKTPOHHOI
KOMMYHUKAITHH IIOAB30BaTeACH. B KadecTBe A3bIKa HPOrPaMMUPOBAHUA HCIIOAB30BAH A3BIK

PHP.

KaroueBble CAOBA: IIPOrPAMMHPOBAHIE, CEPBEP-TIPHAOKEHHIE, TEXHOAOTHA KAMEHT-CEPBEP,
sAeKTpOoHHaA KoMMyHuKarusa, PHP.

[Ipu MpoOEKTUPOBAHWU CHCTEMBI DJIEKTPOHHONW KOMMYHHKAIIMA HEOOXOJIMMO BBIICTUTH
OCHOBHBIE COCTABJISIOLIME U BBISIBUTH B3AUMOCBSI3U MEKYy HUMH (puc. 1).
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